In this paper, we prove strong convergence for the modified Ishikawa iteration process of a total asymptotically nonexpansive mapping satisfying condition (A) in a real uniformly convex Banach space. Our result generalizes the results due to Rhoades
Introduction
Let X be a real Banach space, let C be a nonempty closed convex subset of X, and let T be a mapping of C into itself. Then T is said to be asymptotically nonexpansive [] if there exists a sequence {k n }, k n ≥ , with lim n→∞ k n = , such that
for all x, y ∈ C and n ≥ . T is said to be uniformly L-Lipschitzian if there exists a constant L >  such that
for all x, y ∈ C and n ≥ . If T is asymptotically nonexpansive, then it is uniformly L-Lipschitzian. We denote by N the set of all positive integers. T is said to be total asymptotically nonexpansive (in brief, TAN) [] if there exist two nonnegative real sequences {c n } and {d n } with c n , d n →  as n → ∞, φ ∈ (R + ) such that
for all x, y ∈ C and n ≥ , where R + := [, ∞) and φ ∈ (R + ) if and only if φ is strictly increasing, continuous on R + and φ() = . It is clear that if we take φ(t) = t for all t ≥  and d n =  for all n ≥  in (.), it is reduced to (. 
where {α n } and {β n } are two real sequences in [, ] . If β n =  for all n ≥ , then iteration process (.) becomes the following modified Mann iteration process (cf. Mann [] ): 
Then {x n } converges strongly to some fixed point of T.
In this paper, we prove that if T is a total asymptotically nonexpansive self-mapping satisfying condition (A), the iteration {x n } defined by (.) converges strongly to some fixed point of T, which generalizes the results due to Rhoades [].
Preliminaries
Throughout this paper, we denote by X a real Banach space. Let C be a nonempty closed convex subset of X, and let T be a mapping from C into itself. Then we denote by F(T) the http://www.fixedpointtheoryandapplications.com/content/2013/1/302 set of all fixed points of T, i.e., F(T) = {x ∈ C : Tx = x}. We also denote by a ∨ b := max{a, b}. A Banach space X is said to be uniformly convex if the modulus of convexity
satisfies the inequality δ X ( ) >  for every ∈ (, ]. When {x n } is a sequence in X, then x n → x will denote strong convergence of the sequence {x n } to x.
Strong convergence theorem
We first begin with the following lemma.
Lemma . []
Let {a n }, {b n } and {c n } be sequences of nonnegative real numbers such that
∞ n= c n < ∞ and a n+ ≤ ( + b n )a n + c n for all n ≥ . Then lim n→∞ a n exists.
Lemma . Let C be a nonempty closed convex subset of a uniformly convex Banach space X, and let T : C → C be a TAN mapping with F(T) = ∅.
Suppose that {c n }, {d n } and φ satisfy the following two conditions:
Suppose that the sequence {x n } is defined by (.). Then lim n→∞ x n -z exists for any z ∈ F(T).
Proof For any z ∈ F(T), we set
From (I) and strict increasing of φ, we obtain
By using (.), we have
where κ n = c n + d n and
and thus
where η n = δ n + d n and ∞ n= η n < ∞. Hence
By Lemma ., we see that lim n→∞ x n -z exists. Suppose that for any x  in C, the sequence {x n } defined by (.) satisfies ∞ n= α n ( -α n ) = ∞ and lim β n = . Then {x n } converges strongly to some fixed point of T.
Proof For any z ∈ F(T), by Lemma ., {x n } is bounded. We set
By Lemma ., we see that lim n→∞ x n -z (≡ r) exists. Without loss of generality, we assume r > . As in the proof of Lemma ., we obtain
where ν n = σ n + η n and ∞ n= ν n < ∞. By using Lemma . and Takahashi [] , we obtain
Hence we obtain
Since δ X is strictly increasing, continuous and
By using (.) in the proof of Lemma ., we have
where
and hence
By using Lemma . and Takahashi  [] , we obtain
By the same method as above, we obtain
Since {x n } is bounded and T is a TAN mapping, we obtain
where M = sup n≥ T n x n -x n < ∞. By using lim β n = , we have By using (.) and (.), we obtain
by using (.) and (.), we have
by (.) and (.), we get
by (.) and (.), we obtain By using condition (A), we obtain
for all n ≥ . As in the proof of Lemma ., we obtain
By using Lemma ., we see that
) for all n ≥ n  . By using condition (A), (.) and (.), we obtain
This is a contradiction. So, we obtain c = . Next, we claim that {x n } is a Cauchy sequence. Since ∞ n= σ n < ∞, we obtain ∞ n= ( + σ n ) := U < ∞. Let >  be given. Since lim n→∞ d(x n , F(T)) =  and ∞ n= η n < ∞, there exists n  ∈ N such that for all n ≥ n  , we obtain d x n , F(T) < U +  and
Let n, m ≥ n  and p ∈ F(T). Then, by (.), we obtain
Taking the infimum over all p ∈ F(T) on both sides and by (.), we obtain 
This is a contradiction.
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